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Matched Asymptotic Solutions for Optimum Lift
Controlled Atmospheric Entry

Yon-Yuan Sur*
McDonnell Douglas Astronautics Company—West, Huntington Beach, Calif.

This paper considers the problem of optimal lift control of a hypersonic lifting body during
atmospheric entry for the drag coefficient, a function of the angle of attack, and the atmo-
spheric density, an arbitrary function of altitude. The solution obtained is valid for entering
the planetary atmosphere from the Keplerian region, as well as from low altitudes. The
method of matched asymptotic expansions was employed, and separate expansions were de-
rived for the Keplerian region and for the aerodynamic region, where the aerodynamic forces
are dominant. Lagrange multipliers and state variables obtained in closed form for both
expansions were matched in the overlap domain. A method for estimating the order of mag-
nitude of multipliers in various regions was discussed and will be useful in applying singular
perturbation methods to a wider class of optimal control problems. For unbounded control,
the lift variation can be classified into four different programs depending on the terminal alti-
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tude. Results were compared with the numerical solutions obtained by the method of steep-
est descent. For bounded control, there exist 12 different sequences of arcs which reduce to
those obtained in an earlier study as the drag coefficient becomes independent of angle of at-

tack.

Nomenclature

Dimensional quantities

! gravitational acceleration

g’(0) = gravitational acceleration at b’ = 0

h = altitude

m = vehicle mass

m = mean molecular weight of the atmospheric gas
R = mean planteary radius

R = universal gas constant

S = effective cross section of vehicle

t = time of flight

T = atmospheric temperature

g’ = mg/RT = inverse atmospheric scale height
B8'(0) = inverse atmospheric scale height at A’ = 0
o’ = atmospheric density

oo’ = atmospheric density at A’ = 0

Nondimensional quantities

a =1/b
b = 12/ + GV
b = [2/(1 + V2
BlyB2,B37

By,B; = integration constants in the outer expansions
Cy,Cs,

C;,C;y = integration constants in the inner expansions
Cr = Cr(a) = lift coefficient

Co Cpo + 7Cr¥a) = drag coefficient

Cpo = drag coefficient at C, = 0

CrMin = minimum C},

C'rMax = maximum Cg

52 = —Cz

Ci,Ci2 = constants in the small lift expansion
Ciy = the lift program in Region N

D = [Cy/(1 + Cy)]V2
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[C/(1 4 C)v2

elliptical integral of the second kind

elliptical integral of the first kind

g'/9'(0)

h'/R

h/e

Hamiltonian

optimal Hamiltonian

optimal-return function

Cpop(0)/2

70(0)/2

p(0)/2

1/2y

(Kp/Kq)"?

t'lg’(0)/R]V?

t/e

V'/[Rg'(0)]¥/*

control variable or angle of attack

flight path angle is measured counterclockwise from
the local horizon

i O
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Ye = turning angle when one switches from boundary arcs
to other arcs or vice versa

vs = switching angle where the control variable changes
its sign

¥ = [vo* — (Cu + Ci3)] /e

6 = range angle

7 = a given constant in the drag coefficient

€ = 1/8"(O)F

p = p'S/mp’(0)

p(0) = the valueof path = 0

Ahy Ao,

Ay,A¢ = Lagrange’s multipliers

X = (7/2 + v*)/2

X = (7/2 — m*)/2

¢ = gin~1(b siny)

é = gin~1(} sink)

B8 = §'/6'(0)

ELA = extremal lift arcs, i.e., arcs on which Oy = Crmax or
Cp = Crmin

VLA = variable lift arcs

MaxLA = maximum lift arcs

MinLA = minimum lift arcs

VLAN = variable lift arc using the control program Cry

VA = vertical arc, i.e., ares with v = x=x/2

Superscript

* = quantities in the inner expansions
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Subscripts

n = the n — 1 th term in the inner or outer expansion for n =
0,12 ...

¢ = initial conditions or conditions at the beginning of each
subare

terminal conditions

f

I. Introduction

NALYTIC solutions of lifting re-entry into a planetary

atmosphere have been discussed extensively.!=* Most

of these solutions were derived either under the assumption of

constant lift-to-drag ratio or constant lift and consiant drag
coefficients.

Resulting from the difficulty of obtaining analytic solutions
to problems of optimal lift control of gliding vehicles, most of
the available solutions for optimal lift control during re-entry
are numerical. A class of approximate analytic solutions was
considered by Mieles—® who treated optimization of the lift
program of a gliding vehicle under the assumption of a shal-
low, smooth glide path. Recently, an additional subclass of
optimum trajectory problems for hypersonic gliding vehicles’
was solved analytically under the assumption of constant
atmospheric density, gravity and drag coefficient. The
above result was generalized® to the problem of optimal lift
control of a re-entry vehicle during atmospheric entry by as-
suming the atmospheric density to be exponential. The as-
sumptions® correspond to those used earlier!—* except that the
assumption of constant-lift coefficient was relaxed to allow the
lift to be used as a control variable. The maximum value of
the lift-to-drag ratio was assumed to be 0.5 or greater as re-
cently discussed by Tannas.9—10

Analytic solutions of simplified optimal re-entry problems
are important from the point of view of serving as a basis for
investigation of more complicated cases, as well as providing
a general understanding of the structure of optimal use of lift
controls. Analytic solutions also provide a better founda-
tion for the solution of guidance problems as typical guidance
laws are based on such relatively restrictive assumptions as
either constant drag, constant altitude, or equilibrium
glides.*—1¢ '

Recently, the method of matched asymptotic expan-
sions!!~1? wag applied to lifting re-entry into the atmosphere
from the Keplerian region where the gravity is dominant by
Willes.?*=14  The correct application of the method to this
type of problem was clarified.’® The composite solution'® was
applied to the problem of skipping entry into the atmosphere
and was shown to be in excellent agreement with the exact
solution obtained by numerical integration.

In this paper, the method of matched asymptotic expan-
sions is used to solve the problem of optimal lift control of a
hypersonic lifting body entering the atmosphere from the
Keplerian region as well as low altitudes. This is a general-
ization”® to the case where the drag coefficient is no longer
constant but varies in a manner typieal of hypersonic vehicles
and the atmospheric density is an arbitrary function of alti-
tude. In addition, the assumption of constant gravity is re-
laxed in this study.

As was done earlier,'s separate expansions are introduced for
the outer Keplerian region and the inner aerodynamic region.
The outer and inner regions are characterized by the domi-
nance of the gravitational and aerodynamic forces, respec-
tively. In the present case, both the inner and outer expan-
sions can be obtained analytically in closed form and are
matched in a certain overlap domain. A composite expan-
sion which is uniformly valid everywhere is then constructed.
Some preliminary comparisons of the present results with solu-
tions obtained by the numerical method of steepest descent
show very good agreement. Higher-order solutions which
can easily be constructed are under study. It is anticipated
that the slight discrepancy will further be reduced if higher-
order solutions are calculated.
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II. Problem Formulation

The governing equations for a hypersonic lifting body enter-
ing a planetary atmosphere can be expressed in terms of non-
dimensional variables'® as follows

dV/dt = —(2¢)"*CppV?2 — (1 - k)72 siny 1)
dvy/dt = (2€)7CrpV +
[+ R)T— 04+ h)2V 2V cosy (2
dé/dt = V cosy/(1 + h) 3)
and
dh/dt = V siny 4)

where the atmopheric density is an arbitrary function of alti-
tude, i.e., -

p = p(0)f(h/e,h) >0 ®)

where the arbitrary function is always positive and at least
obeys

lim fh/eh) _ 0 for fixed A (6)
e—0 €
for exponential atmospheric density
p = p(0) exp(~—h/e) )
and for the isothermal atmosphere®®
p = p(0) exp[—h/e(l + R)] ®)

the lift coefficient Cz, = Cr(a) and the drag coefficient obeys
the relation

Cp = Coo + nCz¥(c) ’ ©

which is typical for a hypersonic vehicle. In Eq. (9) both
Cpo and 7 are arbitrary constants and the angle of attack «
is the control variable. Eq. (9) has been used by many previ-
ous investigators. Following Bryson,'” the Hamiltonian for
the present system is defined by

H =\y[—(2¢)"1CpV?2p — (1 4+ h)"%siny] +
A @90V + [(L + W)™ — (1 + B2V 2]V cosy} +
MV osiny + NV cosy(1 + B)~t  (10)

The optimality condition
OH/da = —(H)pV[2n(NV)Crle) — N, }(@C1/0a) = 0 (11)
gives

Cr(e) = kEAy/NV or 0CL/0a =0 12)

where k = (29) ! is a known constant.
Since the right-hand side of Eq. (10) is independent of 6, one
has

dhe/dt = 0 ' (13)

hence Mg is constant. In this paper, the problem of entering
the atmosphere and reaching a given terminal altitude Ay
horizontally, i.e., v; = 0, while minimizing the energy loss due
to aerodynamic drag, i.e., maximizing the final velocity is con-
sidered. A similar problem was studied under a more restric-
tive assumption in an earlier investigation? The present
solution also corresponds to the optimal trajectory for the
problem solved numerically by Speyer and Bryson'® and was
given as an example by Bryson and Ho."" Since the final
range is not specified, one must set

=0 (14)

Thus, Eq. (3) uncouples from the rest of the system of equa-
tions.
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Furthermore, since the Hamiltonian H is independent of
the time ¢ and the final time # is not fixed, it follows that

H=0 (15)

Equations (12) and (15) hold everywhere and to all orders be-
cause so far no perturbations or expansions have been intro-
duced. Differential equations governing the Lagrange multi-
pliers are easily obtained from Eq. (10) as follows:
d\./dt = —dH/dv; d\,/dt = —OH /oy
(16)
d\y/dt = —JH/Oh
In the present case, since the method of matched asymptotic
expansions is to be applied and the atmospheric entry prob-
lem is considered, it is more advantageous to use the altitude

% as the independent variable. This can be accomplished by
dividing Eqs. (1, 2, and 16) by Eq. (4)

dV/dh = —(2¢)"CppV/siny — 1/V(1 4+ B)2  (17)
dy/dh = (2¢)~'Crp/siny +
[t +mt— 1+ kV2coty (18)

d\./dh = —(1/V siny)(QH/0V) 19

d\,/dh = —(1/V siny)(0H/d7v) (20)
and

d\/dh = —(1/V siny)(0H/0h) (21)

The problem reduces to solving Egs. (10 and 17-21) subject
to the boundary conditions.

V=V Y
y=#w;patt=1¢ and &
h=h; s

where V., v,, hi, b, and hy are given constants.

0
h{ at { = t; (22)
1

III. Outer Expansion

The outer expansion is introduced to study the behavior of
the solution in the region where the gravitational force is
dominant. Thisexpansion isintroduced by repeated applica-
tion of the outer limit defined as the limit as e = 0 with 2 and
the other nondimensional quantities in Eqs. (1-4) fixed. The
governing equations expressed in terms of outer variables are
Eqgs. (10) and (17-21). Hence, to the first order, the outer limit
physically corresponds to a vanishing atmosphere. Outer
expansions for the state variables and Lagrange multipliers
are written in the form '

V = Volh) + eVi(h) + 0(e?)

Y = Yo(h) + ev1(h) + 0(e?)

A= Muo(h) + €du(h) 4 0(e?) (23)
Ao = Auo(h) + eXu(h) + 0(e?)

Ay = Mo(h) + exyi(h) + 0(e?)

and one then obtains the following equations for v, and V,

dVe/dh = —1/(1 + h)2V, (24)

dyo/dh = [(1 + 1)1 — (1 + h) Vo] cotyo  (25)
The Hamiltonian to order unity is
Hy = —Nosinyo/(1 4 )2 4+ Aol + A)71 —

A + B) Vo2V cosyo + AV siny,  (26)
and the governing equations for the Lagrange multipliers are
dhw/dh = —No/Vo — Ayol(1 + A) 1 +

1 4+ B2V cotye  (27)
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AXyo/dh = Nuo cotye/(1 + h)2Vo — Aao cotys +
Apl(l +A)72— A 4+ A)7FV,2] (28)
dw/dh = —2\/(1 + BV, +
Ap[l/Q + B)? — 2/(1 + B)*Vo?] cotye  (29)

Solutions for Egs. (24) and (25) are the well-known Keplerian
solutions

Vot - 2/ + h) = B, (30)
1 4+ B)Vycosy, = B (31)
Equations (25) and (28) give
dNyo/dY0 = Ao csCyo SeCYo (32)
or
Ao = Biftany| = =B; tany, (33)

where the upper or lower sign in Eq. (33) are taken to be for
positive or negative v, respectively. Similarly, Eqs. (26),
(29), and (33) give

dNw/dh + 2Mio/(1 + h) = FBy/(1 + h)? (34)
Thus
Mo = FBsh/(L + B)? + By/(L + h)? (35)
Finally, Eqs. (24, 26, 27, and 35) give '
dO\Y)/dh = F2Bi/(1 + b)® — 2B/(L + B)*  (36)
or
Ao = (1/Vo)[2(Bs = By)/(1 + h) + Bs] (87)

In the above By, ... Bjare integration constants to be speci-
fied later. Substituting Eqs. (33, 35, and 37) into Eq. (26),
one obtains the condition

By — B\(Bs— Bi) — Bs; =0 (38)
Equations (30, 37, and 38) then give
)\,,o = (1/Vo) [Ba(l i Voz) + B4Vo2] (39)

Since in the above first-order solution the effect of the atmo-
sphere is absent, the results are not valid for small 4 where the
aerodynamic forces become dominant. The solution for the
motion in this region is discussed next. In particular, certain
constants of integration corresponding to By,Bs;, ... Bs will
arise in the solution for small 4 inner solution and the match-
ing conditions together with the boundary conditions on the
problem will be used to specify all the undefined quantities.

It is also worth mentioning that the control variable is
absent in the above first-order outer equations. However, it
can be determined from Eq. (12) by using the above multi-
pliers Egs. (33), (35), and (39). The control has no effects to
this order in the outer region. The reason is that the terms
containing the control variable Cr(a) are multiplied by the
atmospheric density which is of higher order. Physically, it
means that at higher altitude, the atmospheric density is too
low to provide enough lift and drag forces to affect the motion
to this order. However, if initial conditions are given at
higher altitude, i.e., Keplerian region, it is essential to know
the complete control history along the whole trajectory includ-
ing its variation in the outer region. Furthermore, multi-
pliers and state variables in this region will affect the multi-
pliers, state variables, the control and the structure of the con-
trol in the inner region.

IV. Inner Expansions

The inner expansion is employed to study the solutions in
the region where the aerodynamic forces are dominant. The
inner limit is defined as the limit e — 0 while A* = h/e, t* =
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t/¢, and all other physical quantities in Eqgs. (1-4) are held
fixed. Implicitin the definition of A* is the fact that the inner
solution is valid for relatively lower altitudes, i.e., in the region
where b = 0(e) above the surface of the Earth. Thus the
governing equations in the inner region become

dv/dt* = —($)CopV? — esiny/(1 + eh*)*  (40)

dy/dt* = HCpV + €[1/0 + eh*) —
1/(1 + en*)2V2]V cosy* (41)

dh*/dt* = V siny (42)

Tt is easy to verify that the following scaling of the Hamil-
tonian and Lagrange multipliers preserves the form of the
Fuler-Lagrange equations, [c.f. Eq. (16)]in the starred quan-
tities

H* = eH; N = N; AN = Xand b* = e (43)

However, the requirement that the form of Euler-Lagrange
equations be preserved does not yield a unigue scaling as can
be verified by the choice

H* = H; N* = Me™ M= Metand b = M (44)

which also satisfies this requirement. It will be shown later
that with the above scaling, none of the Lagrange multipliers
mateh with the corresponding outer expansions. In fact,
matching will uniquely require use of the scaling in Eq. (43).
In essence, this scaling which establishes, a priori, the relative
order of magnitude of the Lagrange multipliers in the two
regions is to be justified a posteriori by matching. -One of the
fundamental difficulties encountered in the numerical integra-
tion of control problems such as the one formulated is Sec. II
is the fact that one must solve a two-point boundary value
problem. In general, no a priori estimates on the appropriate
initial magnitudes exist for quantities which must satisfy the
terminal constraints. This is especially true for the case of
the Lagrange multipliers, i.e., the initial magnitude of A, is
not easily established for the present problem when all that is
known is that A, = Lat¢ = {;. As a result, many iterations
on the unknown initial values must be made to converge on a
solution satisfying the appropriate terminal values and quite
often this iteration process is not convergent. Aside from
providing an understanding of the qualitative nature of the
control program, an important contribution of an analytic
theory, approximate though it may be, is the definition of all
the parameters throughout the trajectory. Thus, if need be,
one can calculate with relatively few iterations an exact opti-
mal solution based on the analytically determined initial
values. If one expresses the governing equations in terms of
inner variables and assumes the following expansions

V = Vo*(h*) + V1*(0*) + 0(&)

Y = 1*(®*) + ey*(B*) + 0(&)
A* = Mo (0*) 4 eda*(B*) 4 O(é) (45)
A= A ) 4+ e *(B*) 4 O(e)
¥ = No*(h%) + edn*(R*) + O(e?)

the equations for ¢¢*, vo*, Au*, Ayo* and Auw* become

dVo*/dh* = —CppVo*/2 sinye* (46)
dye*/dh* = Crp/2 sinye* (47
dNog*/dh* = Cpphiw*/2 sinyp* (48)
dAyo*/dh* = —Ni* cotyo* (49)
dho*/dh* = 4 (\w*/p) (dp/dh*) (50)

To order unity, the Hamiltonian is given as follows:
Ho* = —AvO*CDPVO*Z/z + )\70*CLPV0*/2 +
)\ho*Vo* sin'yo* =0 (51)
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and the optimal condition becomes
Cr = kXNyo*/Np*Vo* (52)
For simplicity of notation, we introduce
Kb = Cpop(0)/2; K, = 7p(0)/2and K = p(0)/2 (53)
Then Eqs. (46) and (48) give
No*Vo* = k/Cy (54)

where C, is an arbitrary constant. Therefore Eq. (52) be-
comes

Cr = Cohyo* (55)
Further, Eq. (50) gives
Mo* = Cp = Cp(O)f(h*) = Cif(h*) (56)
and Eqgs. (47) and (49) give
sinye* = —KCoA\,o*2/2C; + C: (57)
Thus
Ap* = £[(2C/KCo)(Cs — sinye*) |12 (58)

yvh'ere Co, C1, and C; are constants of integration. Substitut-
ing Eqs. (54, 56, and 57) into Eq. (51) one gets

CiC:C: = kKp (59)
Hence, Eq. (55) gives
Cr = =l — sinvyy*/0y)12 (60)
where
I* = Kp/K, = Cpo/ >0 (61)

For a given terminal altitude, the constant C, is determined.
Then the control variable is known in terms of the physical
variable vo*. Thus, Eq. (60) is in itself, an explicit guidance
law.
Then Eqs. (46, 47, and 60) give

InVe* = F(/2k)[f (1 — sinyo*/Cy) ~V2dy,* +

S — sinyo*/Co)dy*] + C5  (62)
Similarly substituting Eq. (60) into Eq. (47) gives
—[f(h*)dh* = F (1/2kK p)f (1 — sinye*/Co) ~12 X

sinyo*dvyo* + C:  (63)

One observes that Eqs. (62) and (63) can be expressed in terms
of elliptic functions and can be integrated in a form depending

on the value of C; as follows
A) C: > 0: If C; > 0 one can write

(1 — sinye*/Ce)V* = (1/D))(1 — b?sin?))V2  (64)
where

b2 =2/14Co) >0; x = (w/2 4+ v*)/2
and D, = [Cy/(1 + Co)]¥2  (65)

There are three subcases dependingond < 1,5 = land b > 1.
1)b < 1and C: > 1: In this case, we have

Vo* = Vo* exp{ = (I/k) [DiF (x,b) + (1/D)EXx,)} 5, (66)
g(h*) = g(h*) F (Co/kIK,) [DiF (x,b) —
' (/DYEWIE (67

where F is the elliptic integral of the first kind'® with ampli-
tude x and modulus b and E is the elliptic integral of the
second kind and the function g(h*) is

g% = — [ sman* — 50 (©9)
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2) b = 1and C> = 1: In this case, one has
Vo* = Vo* exp{F {1/ (2)"/%) X

[ln(secx + tanx) + 2 sinx}}[X,  (69)
g(h®) = g(h*) F (1/(2)Y2%IK,) X

[In(secx + tanx) — 2 sinx}|}, (70)

3) b>1and C.<1: Leta = 1/b; sing = b sinx. Then
the solutions become

Vo* = Voo exp{ = [I/(2C) V2%]((20: — DF($,0) +
2E(a)l}]2, (71)
g% = g(h*) F [(C)V2/(2)1*hIK,)(F ($,0) —
2E($,0)]l¢, (72)

B) €. < 0: In this case, let o = —C: > 0 and then it fol-
lows that

(1 — sinye*/C)V? = (1/D) (1 — b2 sin?p)?  (73)
where
Dy =[G/ 4 Gl b2 =2/ + Co);
X = @/2—-v*/2 149

Again, there are three subcases depending on b<1,b=1and
b>1. Hb<land(C:> 1:

Vo* = Vot exp{ £U/k) [DiF (,0) + (I/DYEx D) };  (75)
g(h*) = g(h*) = (Co/kK,) [DIF (%,5) —
1/DYEEDIE  (78)
2)b=1andC, = 1:
Vo* = Vo* expl £[1/(2)V%][In(seck + tanx) +
2 singl} |3, (77)
g(h*) = g(h*) = [1/(2)V?kIK,][In(secx + tank) —

2 sin)‘(]%i (78)
3)b>1and Ca<1: Letad = 1/b < 1; sing = b sing.
Then
Vo* = Vo* exp{ = [1I/(2C)2%1[2C, — DF($,a) +

2E@a)HE (79
gh*) = g(b*) = [(C)V2/(2)'7kIK,)[F (,0) —
2E@0))l, (80)

In the above, the subscript 7 denotes initial conditions if only
inner solutions are needed and denotes constants to be deter-
mined by matching with the outer expansions if the solution
starts in the outer region. For an exponential atmospheric
density, one can simply substitute

g(h*) = exp(—h*) 81)

in the above equations.

V. Matching and Composite Solutions

Matching between the physical variables is essentially the
same as given before.’® Without going into detail,2’~!2 one
can apply the following simple matching condition

Vo0) = Vo*(=) = B+ 2 =V, (82)
and
Yo(0) = vo*(») = cos™[Be/(B: + 2)%] = v, (83)

where V,, and 7,, correspond to the value of the outer expan~
sions Vo and o at & = 0, respectively.
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Comparing the expression
NaVo = —2(Bs — B)/(L + h) + By =
—2(B; — By) + Bsash— 0 (84)
derived from the outer expansion with the result
A*Vo* = k/Co = const (85)
for the inner expansion leads to
—2(B; — By) + Bs = k/Co (86)
Similarly
By = (I/Co tanvy,.) [l — sinvy,./Cs]"'?
By = k/V.Co — Bs(1 — V,i?)/ Voo @87)
B; = B;(1 4+ B)) — B:Bs

Thus, matching determines the constants of the outer expan-
sion in terms of those of the inner expansion. A systematic
way of determining all constants and solutions will be dis-
cussed later.

Consider next matching between A and .*.
expansion gives

Mo = FBh/(1 + k)2 + By/(1 + h)* = Biash—~ 0 (88)

The inner expansion gives Me* = Cif(h*) and for an expo-
nential atmospheric density, one has

Aw* = Cy exp(—h*) - 0 as B* — « 89)

The outer

Therefore, matching requires Ap® = eXip. On the other hand,
if the scaling of Eq. (44) is taken, matching gives

B,=0 (90)

This together with the remaining matching conditions imply
that all the N’s are equal to zero. In fact, it is easy to verify
that the only scaling which leads to nontrival N’s is the one
adopted. This illustrates, for the present problem, the
earlier statements regarding the use of matching to determine
the appropriate order of magnitude for the multipliers.
Following the usual method of constructing uniformly valid
asymptotic solutions, i.e., composite solutions, one obtains:

Y = Yo + 70* ™ Yoo + 0(6) (91)
Vc = VO + VO* - Voo + 0(6) (92)

Aoe = (1/Vo){—2(Bs — By)/(1 + k) + Bs} +
k/CoVo* — (1/Vo){—2(Bs — Bs) 4+ Bs} + 0() (93)
Ay = £Bstany, = (I/Co)(1 — sinye*/Cy)V? F
Bs tanvy,, 4+ 0(e) (94)

and
Mee = Ano (1/6) Ao* + 0(e) (95)

The above composite solutions are uniformly valid to order
unity for all value of 2 and this completes the solution to order
unity. A complete history of control variable can be deter-
mined from Eq. (12) by using the above composite multi-
pliers. The above composite solutions can be used to satisfy
boundary conditions in the Keplerian region as well as aero-
dynamic region.

VI. Discussion of Inner Solutions

In order to understand how the solutions for the complete
problem with bounded control can be constructed system-
atically and the proper use of various optimal lift programs,
it is useful and interesting to study the inner solutions in de-
tail. However, in the inher region, the composite solutions
and the inner solution differ only in higher order terms.
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)
A = [SINY)
2
v i 1 £ SINY,
/ B - —2——21(‘ >
_ )
/ S.N. = SWITCHING
/ NECESSARY
i« N.S. = NO SWITCHING

Fig. 1 Lift programs vs C,.

Furthermore, the control is most effective only in the inner
region and if the initial altitude of entry is not high, most
problems can be treated adequately with the inner solution
alone. Therefore, in order to give a simple and clear picture
of the structure of control programs and how boundary arcs
are inserted if needed, only the inner solutions need be dis-
cussed in detail. Generalization to the case of using com-
posite solutions is straightforward.

From Eq (60), one can see that the lift force can only
change sign at C = 0, i.e., at the point

sinye* = siny, = C; (96)

where v, is the flight-path angle at the switching point, i.e.,
the point whiere the lift changes sign. If the lift changes sign
at any other point, the Erdmann-Weierstrass corner condi-
tions are obviously violated.

Since the value of C directly determined the lifting force
and since the most important topic for the present problem
is the application of lift control, it is advantageous to clas-
sify solutions into various lift programs according to the value
Of 02.‘

Since A:', hs', v: and v; = 0 are known, one can assume a
value for Cs and ecalculate the corresponding h,’ from Eq.
(63), and iterate until the calculated terminal altitude A/
agrees with the given terminal altitude h,. In practice, this
iteration converges rapidly. For one of the more compli-
cated examples discussed, it only took seven iterations to ob-
tain Ay’ = 249,744 {t instead of the given terminal altitude
hs' = 250,000 ft

One can observe from Eq. (60) and Fig. 1, that for terminal
altitudes of practical interest, there are four types of lifting
programs for maneuvering entry. In Fig. 1, the abscissa
represents the value of C2. Above this line, the regions are
divided according to the value of C; and the assumption that
there exists at least one switching point in the lift program.
Below this line, the regions are divided according to the value
of C; and the assumption that there exists no switching point.
The present discussion is restricted to the case where the

REGION 11

i INITIAL POINT

f TERMINAL POINT

s SWITCHING POINT

+ POSITIVE LIFT ARC
- NEGATIVE LIFT ARC

REGION |

MAX, LIFT

MIN, LIFT l—MAX. LIFT

f

REGION 111 REGION IV

Fig. 2 Sketch of lift programs in regions I, II, I11, and IV.
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initial flight-path angle v, satisfies —7/2 < v; < 0. This
covers almost all the cases of practical interest. In Region I,

the lift program is started with a positive lift arec and is
switched to a negative lift arc at ¥ = 4, > 0. In Region II,

the lift program starts with a negative lift arc followed by a
positive lift arc with the switching point at ¥ = v, where ¥,
<7v: In Reglon I11, the lift is always pos1t1ve and decreases
from its maximum st the initial point to its minimum at the
terminal point. However, this will be restricted by the
boundedness of the control. Thus, for a given bound, bound-
ary arcs may have to be used for a certain terminal altitude
and this case will be discussed later. In Region IV, the lift
is always positive and increases from its minimum at the
initial point to its maximum at the terminal point. In Region
V, there are no solutions because the lift becomes imaginary.
In Region VI, there exists no solutions because there exists no
switching point. In Region VII, the calculated lift is greater
than the maximum lift obtainable for bounded control.
This region exists separately from Region I and III, if bound-

ary arcs are needed. The lift programs in each region are
sketched in Fig. 2

VII. Numerical Examples

In this section, the above discussion is applied to some
numerical examples. In order to see how the four lift pro-
grams can be used to reach all the terminal altitudes of inter-
ests the boundedness of the control is not imposed. An ex-
ponential atmospheric density is assumed. The case con-
sidered has the following lift and drag coefficients

CL((X) = CLaa and CD(a) = CI)O + C'Loot2 (97)
The problem is solved for the following initial conditions
Vi = 36,000 fps; y; = —7.5° and k' = 400,000 ft (98)

for Cro = 0.9, Cpo = 0.3, B’ = 23,500 ft, m = 3.8 slugs,
S = 3.985 {t? and py’ = 0.0027 slugs/ft® and first for the fol-
lowing terminal conditions

vs =0 and h, = 250,000 ft (99)

1t can easily be shown that the case considered belongs to
Region I and is the most complicated case because there exists
a switching point. The flight-path angle changes from nega-
tive to positive values and passes through zero before the lift-
ing body reaches its final horizontal position. The solution is
a trajectory composed of a positive lift arc followed by a
negative lift arc. The switching point where the lift switches
from negative to positive or vice versa is defined by Eq. (96)
with siny, = C; > 0. Using Eq. (72), one can now estimate
a value of Cq, determine the values of elliptic integrals E and
F from ¢, to ¢, and solve for h;. Repeating this procedure,
one can eventually determine the value of C» which will give
the desired h;.

For the present case, C, = 0. 042915 and Eq. (62) can then
be used to calculate the terminal velocity

Vos* = 1.0236 (100)
and the remaining constants are determined as follows
Co=k/Vos* = 0.43062 and C, = kK ,/CoC, = 238.064 (101)

The initial and terminal values of the Lagrange multiplier are
determined as follows:

Ao*(E*) = k/CoVo* = 0.73772; Ao*(t*) =
Aot (t*) = 2.37619; A,o*(t*) = 1.1896
An* (%) = 0.96482 X 1075; (102)
Ao*(E*) = 0.55969 X 1072
alt*) = 66.50°; a(t;*) = —33.08°



NOVEMBER 1971

. REGION 4V REGION 111

30
5

30+

Fig. 3 Terminal

altitude vs termi-
nal velocity.

TERMINAL VELOCITY, Vfv (1, 000 FPS)

- — S
100 200 300
TERMINAL ALTITUDE, Hf' (1, 000 FT)

Another interesting aspect is that although the Lagrange mul-
tipliers may be of order 10° in dimensional quantities, they are
of order unity or small in nondimensional quantities as shown
here. This is important from the point of view of applying
the singular perturbation method to actual numerical exam-
ples.

From numerical results, the terminal altitude can be plotted
against the value of Cs. It can be shown that the four lift
programs do cover all the terminal altitudes of interest as ex-
pected. For mission planning purposes, one can easily find
from such plot what kind of lift programs are needed to reach
a given terminal altitude. The terminal altitude vs the
terminal velocity is plotted in Fig. 3. This plot will give a
rough idea about what the terminal velocity will be if one
wishes to reach a certain terminal altitude. Thisisimportant
from the point of view of mission planning if one plans to make
further maneuvering from this position. Furthermore, such
a plot can immediately show that for a given terminal alti-
tude, how many sequences of arcs can reach it and what is the
real extremal one. In order to test the accuracy of our inner
solutions, the following examples were solved in detail and are
compared with the numerical solutions obtained by the
method of steepest descent.

Example A

The same initial conditions as Eq. (98) but with different
terminal conditions, i.e., v, = 0° and h;/ = 100,000 ft.
This terminal altitude can be reached by use of the lift pro-
gram in Region II, as shown in Fig. 2.

Example B

The same terminal conditions as Eq. (99) but with different
initial conditions, ie., V' = 30,125 fps, A’ = 191,530 ft
and v;" = 0°. Thiscorresponds to the optimal trajectory con-
sidered by Speyer and Bryson.” The same problem was also
briefly discussed as an example by Bryson and Ho.'® Accord-
ing to their terminology, this corresponds to control of a lifting
re-entry vehicle at super circular velocity from the bottom of
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the pullup maneuver to a higher altitude at zero flight-path
angle while maximizing the terminal velocity. Comparison
of the above examples and the numerical solutions are
shown in Figs. 4-7.

It should be pointed out that the numerical solutions ob-
tained by the method of steepest descent are based on a dif-
ferent atmospheric density model, 1959 ARDC Atmosphere.
Thus, some of the discrepancy may be caused by the dif-
ference in atmospheric density. Furthermore, some of the
discrepancy at higher altitudes such as shown in Fig. 5 may
be caused by the errors of the method of steepest descent
since the control is less effective for the present problem at
such higher altitudes. The discrepancy may also be at-
tributed to the fact that the lifting body is no longer in the
inner region. The use of composite expansions instead of
inner expansions may improve the comparison.

In spite of the above minor discrepancies, the comparisons
in Figs. 4-7 show surprisingly good agreement in view of the
fact that the numerical solution itself may have considerable
errors. For instance, Shi and Eckstein? recently obtained an
exact analytic solution for a rather simple lunar soft landing
problem formulated and solved numerically by Teng and
Kumar.?! Comparison of the exact analytic solution and the
extensive numerical solutions reported by Teng and Kumar*
show that the error for the 16 cases considered ranges from
less than 19, to as large as 15%,.

VIII. Discussion of Solutions
in the Small Lift Region

In the inner region, aerodynamic forces are assumed to be
greater than gravitational forces. Therefore, a brief discus-
sion of how to obtain solutions in the region where the lifting
force vanishes in Eq. (41) is necessary. When Cr becomes
0(e), Eq. (41) shows that the lift term becomes the same order
of magnitude as the gravity term. One has to consider the
effect of the gravity term in the yo*-equation. On the other
hand, the term proportional to Cz? in the drag equation, c.f.
Eq. (40) can be neglected to order e. The question to be in-
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Fig. 7 Flight-path angle vs velocity ratio: example B.

vestigated here is whether in the region where C;, = 0(¢), an-
other expansion is needed. However, one should remember
that Cr is not always 0(e) and the lifting body passes through
Cr = 0(¢) from Cr = 0(1) and only on VLAI and VLAII.
One can simply let C.* = C1/¢ and investigate the solutions
in this region.

1. Almost Vertical Arcs

The first investigation is whether the trajectory can stay in
the region Cr = 0(e) for t* = 0(1) or * = 0(1). From Eq.
(60), one can see that for Cr = 0(¢), the variation of v,* is
small. One can introduce a new variable

¥ = [v* — (Cu + Ciy) /e (103)

where C1; and C;» are constants to be determined, and investi-
gate all possible solutions in this region. . The conclusion is
that the only possible solution is for Cy; = =w/2. This arc
is almost vertical; i.e., vertical with possible variation of
order ¢; otherwise, the solution is not optimal. One can
essentially conclude here that there exists no optimal ares for
which Cr = 0(¢) and ¢* = 0(1) or A* = 0(1) unless v,* ap-
proaches #7/2 as ¢ = 0. One can further show that solu-
tions in this region are essentially contained in the inner solu-
tions for VLAT and VLAII with C, approaches ==1. This is
also physically obvious. Although C; = 0(¢) in this region,
the gravity in the y*-equation is of even higher order because
it is multiplied by cosy* which vanishes as v* approaches
+7/2.

2. Arecs of Infinitesimal Length

In addition to the aforementioned arcs, there may exist
regions where C, = 0(¢) and t* = 0(ef) with 8 > 0 or h* =
0(ef); i.e., the lifting body passing through this small region
in a very short time. The effects of the gravity term can be
estimated separately for C; = 0(1) and for small C,. How-
ever, it can be shown that they have no effect to solutions
here. The numerical example B shows that there is very
little discrepancy for C: = 0.04279.

3. Vertical Arcs
One can easily show that the following solution
Co=X,=0 and y = +x/2 (104)

satisfles the exact equations to all order. These arcs are ex-
actly vertical.

IX. Boundary Ares and Boundedness
of the Control

In the preceding discussion, the boundedness of the control
was not imposed in order to give a simple and clear picture of
the structure of various lift control programs. It is to be
shown here that once the case of unbounded control is under-
stood, boundary ares can easily be inserted and sequences of
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arcs can easily be determined. If the boundedness of the con-
trol is given as follows

CLMin S CL S CLMax Or (Min S a S A Max (105)

and if for the simplification of the following discussion, we as-
sume that

Cistin = —Crmaw= —CrLu OF tatin = —auax = —ay  (106)
then there may exist boundary ares on which
CL = CLM or CL = —CLM (107)

It is necessary to have 0H/da > 0 on Max LA and 0H /da <
0 on Min LA. On these boundary arcs, the control is con-
stant and is equal to its upper or lower bound. For the pres-
ent problem, boundary arcs are needed if the condition

—Cru < Cpla) < Cry (108)

1s violated except at the boundary point.
For the sake of understanding how boundary arcs are in-
serted, let us first consider the case

—Cru S CLt;*) < Cry (109)

For this case, it can be seen that the lift program II and IV
are unchanged and no boundary arcs are needed for C: in
Regions IT and IV because Eq. (108) is not violated. As for
the lift programs I and IIT, they have to be modified. As C;
approaches zero, Eq. (108) is obviously violated no matter
what the magnitude of the bound for the control is. Suppose
for Cy = B, one has

Cr(t:*) = l(1 — sinye*/B)V% = Crn (110)

For those terminal altitudes previously reached by C; < B
for the case of unbounded controls, the lift Programs I and II1
have to be modified because boundary arcs are to be inserted.
Since Eq. (110) holds, the sequence of arcs is obviously
MaxLA followed by the VLA and for a given C, the switching
from MaxLA to VLA is then at

siny, = Co(l2 — CrLu?)/1? (111)

for both lift Programs I and III. Thus, for a given C., the
lift program is completely determined. Of course, the region
where C» < B has to be modified for the case of bounded con-
trol. Equation (111) shows that the turning angle vy, (we
denote 7. as the turning angle where one switches from
boundary ares to VLA and vice versa) depends on C; only for a
given problem. Since for a given C,, the sequence of arcs
and v. is known, one could use the iteration scheme similar to
the one used for the case of unbounded control to determine
the desired value of C; for a given A;.

In the following, all possible sequences of ares for all pos-
sible values of the boundedness on the control are summarized
according to C, in various regions in Fig. 1. In region N
where N = 1,234,... or LILIILIV,.. ., the lift program
N is used on the variable lift arcs, i.e., VLA, which for sim-
plicity are denoted by VLAN and the corresponding lift co-
efficients are denoted by Cry. Similarly MaxLA, MinLA,
and ELA are abbreviated for maximum lift arc, minimum lift
arc and extremal lift arcs respectively in the following discus-
sions.

One can easily show that for a given C, the value of v, and
7. are determined from Eqs. (96) and (111). Therefore, the
solution is known, if the sequence of arcs is determined. ~All
possible sequences of arcs in Regions 1, II, III, and IV are
summarized in Table 1, 2, 3, and 4, according to the value of
Cru.

In order to investigate whether it is possible to have other
sequence of arcs or jumps in the control variable. It 1s neces-
sary to study solutions on extremal lift arcs (ELA) and verti-
cal arcs (VA). By requiring that Aw*, Ao*, and H* be con-
tinuous at corners, i.e., Erdmann-Weierstrass corner condi-
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Table 1 Sequence of arcs in region I

OPTIMUM LIFT CONTROLLED ATMOSPHERIC ENTRY 2237

Table 3 Sequence of arcs in region III

Sequence Sequence
Path Cry of arcs Ye Path CrLu of arcs Ye
a Cry > Cr(*)>1 VLAI None a 1< Crt;*) < Cry VLAIIL None
b Cri(t:*) > Cryr > 1 MaxLA to VLAL v, >0 b 1< Coy < Cra(t:*) MaxLA to VLAIIL  ~u* < 4. <0
ve <0 ¢ Cru <1< Crs(t;*) MaxLA None
c Cit:*) > 1> Cy MaxLA to VLAI v < w/2
to MinLA Y>> v > 0

tions, solutions on ELA and VA are summarized as follows:
1) solutions on ELA

Mo*Vo* = k/Cy and  wo® = Cif(R¥*) (112)
Ayo* = (kK p/CoK 1u*) (12 4 Cru®)/1* —
(CoC1/kK p) sinye*] (113)
and
Vo* = Vo* exp{ —(Kp + K,Crn®) X
(vo* — vo*)/Krau*} (114)
cosyo* = Kiu*lgh*) — g(h®)] + cosye™  (115)

where Kiu* = Kiy for MaxLA and Kiy™ = — Koy for
MinLA.
2) Solutions on VA:

Co=X\,=0 and vy = =7/2 (116)

)\uo*VQ* = k/Co alld >\m)* = le(h*) (117)
In(Vo*/Voi*) = £Kplgh*) — g(h:*)] (118)

Since the Erdmann-Weierstrass corner conditions further
require that X,o* be continuous at corners. One can easily
show that ELA can only be connected to VLA at v,* = +.,
and it is impossible to connect ELA to VA unless n = 0.
Thus, VA is no use in the present case. In addition, all other
possible sequences such as replacing part of the VLA by ELA,
using two VLA with different C; on the same sequence or using
VA are ruled out because the Erdmann-Weierstrass corner
conditions are violated.

X. Conclusion and Discussion

An interesting aspect of the present problem is that various
questions about putting various types of ares together in
proper sequences for the case of singular control in Ref. 8 are
quite simple and obvious here. In the limit » — 0, Cz(a)
becomes infinite everywhere on VLAIIT and VLAIV. Thus,
for a given bound, paths Il a, b, ¢ and IV a, b, ¢ become a
maximum lift are. For VLAI and VLAII, |Cy| is greater
than Crx everywhere except in a small region (in yo* — vari-
able) around the switching point where siny, = Cz or v, =
sin~'C, as 7 becomes small. Boundary arcs are used every-
where except this region. In the limit y — 0, the length of
this region where C'r, varies from Cyr to —Cpy or vice versa,
vanishes if |Cs| < 1. PathsI a, b, ¢ with 2 < 1 become the
sequence of a maximum lift arc followed by a minimum lift
arc. PathsIIa, b, ¢ with C; > —1 become the sequence of a

Table 2 Sequence of arcs in region I

Sequence
Path Ciy of arcs Ye
a Cro(t:*)| <1 < Cry VLAII v < 0
b Cre(ti*)] < Cry <1 VLAII to vs < 0
MaxLA Ye > Yoi* > ve
¢ Cim <|Cra(t:*)) <1 MinLA to VLAIT +, < 0
to MaxLA Yoi¥ > ve > s

minimum lift arc followed by a maximum lift arc. The con-
trol becomes the so-called bang-bang type. However, for
VLAI and VLAII with C; very close to =1, the small region
where the lift varies, becomes VA of finite length as n — 0.
In order to see how this is approached in the limit, let us first
consider the case C; — —1. In this case, the small region is
—7/2 < v < vo* < v, where Eq. (111) gives vy, = sin™1[—1
-+ 0(n)] which becomes —7/2 as = 0. The VLAI is used
in this region and therefore becomes VA in the limit as 5 — 0.
The length of this VA depends on how close is C; to —1.
Without going into the details, one can show that if

Co=—1+4d(n) (119)

the length, i.e., (h; — hy) of VA may be obtained from the
following equation

g(hs®) — g(h*) = [4(2)*/p(0)Cp0]C (120)
which is the limit of Eq. (80) as n — 0 for
8(n) = exp{—2C/(n)¥?} and C >0 (121)

where the arbitrary constant C indicates how close is C; to
—1. The relation between Vo* and A* reduces to that of Eq.
(118).

Thus in the limit as 5 — 0, VLAII with C, = —1 + &(y)
becomes VA of finite length and pathsIIa b,ewithC, = —1
+ & (n) become the sequence of a minimum lift arc followed by
a vertical arc toa maximum liftarc. Onecanalsoshow that the
control becomes gang-bang or discontinuous at the beginning
and at the end of this limiting VA. Similarly, in the limit as
n—0,pathTa, b, ¢ withC> = 1 — §(5) becomes the sequence
of a maximum lift arc followed by a vertical arc to 2 minimum
lift arc. In the limit as n — 0, these sequence are essentially
the solutions for the constant drag coefficient problem.?

From our solution, one can also see how the control is actu-
ally switching from one arc to another arc continuously but
becomes discontinuous or bang-bang as n — 0. The situation
is similar to that of passing through a shock wave in a viscous
fluid as compared to a shock discontinuity in an inviseid fluid.
In that case, the small quantity is the kinematic viscosity »
and in the limit » — 0, inviseid fluid, the physical quantities
such as velocity, pressure, etc., change discontinuously from
one side of shock wave to the other side and the shock wave
becomes a line of discontinuity with zero thickness. In the
present case, by studying this nonlinear control problem (the
problem is nonlinear in physical variables as well as the con-
trol variable), it helps to understand how the limiting prob-
lem of the bang-bang control is achieved.

In addition, the present solution can be applied to a much
wider class of hypersonic lifting bodies because the assump-
tion of constant drag coefficient is not made. Furthermore,
application of the method of matched asymptotic expansion
will ensure that the higher order solutions can be system- -

Table 4 Sequence of ares in region IV

Sequence
Path CrLu of arcs Ye
a Crt:*) <1< Cry VLAIV None

b Crs(t:*) < Cry <1 VLAIV to MaxLA  ~ve:™* < ve < 0
¢ Cry < Crt:i*) <1 MaxLA None
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atically calculated to increase the accuracy if so desired. In
addition, explicit analytic guidance laws can be formulated by
using these matched asymptotic solutions.

Finally, the method developed here for estimating the rela-
tive orders of magnitude of Lagrange Multipliers in various
regions of expansions may be used in applying the singular
perturbation method to many other problems in optimal con-
trol. We would also like to clarify some questions concerning
matching between My and Ms*.  Since the inner expansion
for An* decays exponentially for an exponential atmospheric
density, one may wonder whether an expansion intermediate
to the outer expansion and the inner expansion is needed. A
similar situation which occurs in fluid mechanics was first
discussed by Bush.?? Lee and Cheng?? carried out some de-
tailed analytic and numerical studies to show that the inter-
mediate expansion is not necessary. The present case is very
similar to that of Lee and Cheng. Our inner Awn* corre-
sponds to the temperature T in their inner expansion of hyper-
sonic strong-interaction similarity solutions.

In conclusion, it can be shown that the uncertainty in the
proper scaling of the Langrange multipliers and the Hamil-
tonian in the inner region can also be clarified by using the so-
called Hamilton-Jacobi-Bellman Equation, [c.f. Eqs. (14)
and (15) in Sec. 4.2 of Ref. 17] used in dynamic programing.

= V)'Y;h
)‘v:>‘7))‘h) (122)

where J¢ is the optimal return function and H® is the optimal
Hamiltonian. In the present case, we are maximizing the
final velocity which remains in the hypersonic range, i.e., of
order unity. Thus, if one introduces the inner variables h*
= h/e and t* = t/¢, Eq. (43) obviously gives the proper scal-
ing if one wishes to preserve the form of the above Hamilton-
Jacobi-Bellman equations in the inner region. On the other
hand, it seems that if one wishes to study the minimum time
problem, Eq. (44) would give the proper scaling. Thus, it is
interesting to note that the variation or change of order of
magnitude of the Lagrange multipliers from one region to
another can be estimated either by the discussion here or by
the principle of matching.

It is worth mentioning that the results presented here are
unchanged if one used the variable s = cosy instead of v asin
Ref. 15. The necessary condition

O*H/da* = —npV (A V)(0CL/0a)? < 0 (123)

is also satisfied everywhere. Another interesting feature is
that the control programs and the structure of the control are
independent of what kind of atmospheric density model is
chosen. Of course, the constant C,, for a given terminal alti-
tude will be slightly different for each model of atmospheric
density. This paper is a shortened version of Ref. 24. The
reader is referred to Ref. 24 for details and other information,
which has been omitted because of space limitations.

HO = —dJ%/dt and A = dJ%/dz (’;
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